An allotetraploid has four paired sets of chromosomes derived from different diploid species, whose meiotic behavior is qualitatively different from the underlying diploids. According to a traditional view, meiotic pairing occurs only between homologous chromosomes, but new evidence indicates that homoeologous chromosomes may also pair to a lesser extent compared with homolog pairing.Here, we describe and assess a unifying analytical framework that incorporates differential chromosomal pairing into a multilocus linkage model.The preferential pairing factor is used to quantify the probability difference of pairing occurring between homologous chromosomes and homoeologous chromosomes.The unifying framework allows simultaneous estimation of the linkage, genetic interference and preferential pairing factor using commonly existing multiplex markers.We compared the unifying approach and traditional approaches assuming randomchromosomalpairingby analyzingmarkerdata collectedin a full-sib familyof tetraploid switchgrass, a bioenergy species whose diploid origins are undefined, but with subgenomes that are genetically well differentiated.The unifying framework provides a better tool for estimating the meiotic linkage and constructing a genetic map for allotetraploids.
INTRODUCTION
The construction of high-density genetic linkage maps is a first step to compare the genome structure of different organisms, localize and map important genes that control complex traits, and deploy marker-assisted strategies for yield improvement. The past two decades have witnessed a tremendous development of statistical models to conduct linkage analysis with molecular markers for diploids [1] [2] [3] [4] [5] [6] . These models have been instrumental for studying the genetic architecture of complex traits in a variety of diploid species. Techniques have also been available for linkage analysis of polyploid genomes, most of which have been based on a simple use of linkage models for diploids. For example, simplex markers derived from single-dose restriction fragments follow a 1:1 segregating ratio in a pseudo-test backcross design and, thus, have been analyzed by a backcross diploid model [7] . Many other linkage analyses in polyploids included multiplex markers [8, 9] .
All these analyses, although simple and easily used, did not consider the meiotic behavior and unique features of polyploids, thus limiting the interpretation of the results of linkage analysis. Several authors have developed more sophisticated statistical models for polyploid linkage analysis by incorporating preferential pairing which is a widespread occurrence in allopolyploids [10] and double reduction characterized by autopolyploids [11] [12] [13] . However, these models do not take advantage of multilocus analysis (including more than two markers) to estimate and test interference, a phenomenon arising when crossovers do not occur independently of each other along a chromosome. Ubiquitous in many species, interference may bias the linkage estimation and map construction of genomes if it is neglected in a linkage model. In addition, through regulatory control mechanisms of chromosome pairing, interference affects meiotic chromosome segregation and thereby impacts genome structure and diversity. As a consequence, the estimation and testing of interference should become an essential part of genetic and evolutionary studies on polyploids.
There has been a rich body of literature on exploring the influence of genetic interference on the linkage estimation by three-point analysis in diploid populations [5, 6, 14] . Three-point analysis has power to separate genetic interference from the simultaneous estimates of three possible recombination fractions. The additional advantage of threepoint analysis is that it can enhance the estimation precision of the linkage between less informative markers including dominant markers and multiplex markers. Due to genome duplication, polyploids have a high likelihood at which the same alleles occur repeatedly between different chromosomes. The occurrence of the same alleles leads to the pattern of multiplex allele segregation. For example, a multiallelic microsatellite marker may have multiplex heterozygous genotypes like 1233, 1222 or 1122. For a biallelic single nucleotide polymorphism (SNP) marker, its heterozygous genotype should be only 1222 or 1122. These types of markers are less informative for segregation studies because they do not provide a one-to-one correspondence between marker genotype and phenotype.
In this article, we describe and review a statistical model for linkage analysis by integrating three-point analysis and the bivalent meiotic behavior of allotetraploids using empirical likelihoods. Allopolyploids account for >75% of polyploids [15] and include important crops such as wheat, Brassicas, cotton and canola [16] . Many other polyploids may behave cytologically as allopolyploids [17] . A considerable body of genetic evidence indicates that the advantage of being allopolyploid derives in part from a favorable response to selection and adaptation [18] [19] [20] [21] . Several studies have explored the relationship between this advantage and meiotic recombination [22] [23] [24] , but did not integrate the meiotic behavior of allopolyploids in their models. Allotetraploids possess chromosomes derived from different species and thus homologous chromosomes pair at a higher likelihood during meiosis than homoeologous chromosomes [25] . By incorporating this preferential pairing behavior into three-point analysis, we show that the mechanism that explains the adaptive advantage of allopolyploids in terms of meiotic segregation can be revealed through the precise estimation and testing of meiotic parameters.
GENERAL MODEL Preferential pairing factor
Consider a bivalent tetraploid plant derived from the chromosomal combination of distinct genomes and subsequent chromosomal doubling [26] . The affinity of chromosomal pairing may be higher between homologous pairs than between the homoeologues [25] . Two-third of this difference is defined as the preferential pairing factor (p) [27] . By considering all possible pairs, i.e. 1 pairs with 2, then 3 must pair 4; if 1 pairs with 3, then 2 must pair 4; if 1 pairs 4, then 2 must pair 3. Of the three possibilities, the first is homologous and the rest are homoeologous for the first configuration. The homologous combination has a probability of
and the two homoeologous combinations each have a probability of
, then homoeologous chromosomes do not pair, i.e. chromosomal pairings happen strictly between the homologues. When all the four chromosomes are homologous, they will pair randomly. Thus, the value of p ranges from 0 to 2 3 [27] . Let r 12 , r 23 and r 31 denote the recombination fractions between markers 1 and 2, markers 2 and 3, and markers 1 and 3. Under a particular homologous pattern, this allotetraploid will produce two haploid gametes each from a different pair of chromosomes and then unite these two haploids to form a diploid gamete. Let us first consider meiosis between chromosomes 1 and 2, which produce eight haploid gametes at the three markers, expressed as
Meiotic chromosome segregation
Let g 00 , g 01 , g 10 and g 11 denote the probabilities at which there is no crossover between markers 1 and 2 as well as between markers 2 and 3; there is no crossover between markers 1 and 2, but there is one crossover between markers 2 and 3; there is one crossover between markers 1 and 2, but there is no crossover between markers 2 and 3; and there is one crossover between markers 1 and 2 as well as between markers 3 and 4, respectively. Thus, the probabilities of the above eight haploid gametes are expressed as Diploid gametes are produced by uniting two haploid gametes each from a different pair of chromosomes. All possible diploid gametes and their probabilities calculated in terms of g 00 , g 01 , g 10 and g 11 , and the preferential pairing factor are given in Supplementary Table S1when homologous pattern I is considered. Similarly, we can give the probabilities of diploid gametes under homologous patterns II and III, respectively (Supplementary Tables S2 and S3 ).
Likelihood, estimation and test
In Table 1 , we express the configurations of diploid gametes in terms of diploid gamete genotypes of three ordered markers. Consider the pseudo-test backcross markers, i.e. those that are heterozygous in one parent but homozygous in the second [28] . Thus, the genotypes of the tetraploid progeny derived from these two parents have a one-to-one correspondence to the genotypes of diploid gametes from the heterozygous parent. Let n j 1 j 2 =k 1 k 2 =l 1 l 2 denote the observations of progeny with diploid gamete genotype j 1 j 2 ( j 1 < j 2 ¼ 1, 2, 3, 4) at marker 1, diploid gamete genotype k 1 k 2 (k 1 < k 2 ¼ 1, 2, 3, 4) at marker 2, and diploid gamete genotype l 1 l 2 (l 1 < l 2 ¼ 1, 2, 3, 4) at marker 3. Correspondingly, the probabilities of three-marker diploid gamete genotypes in Table 1 are denoted as
whose maximization leads to the maximum likelihood estimates (MLEs) of g 00 , g 01 , g 10 and g 11 and the preferential pairing factor p. Similarly, we obtained the MLEs of these parameters under homologous patterns II and III. For a practical dataset, the actual allelic configuration of a tetraploid is unknown. Configuration (1) is only one of the 576 possible configurations. By comparing the likelihoods of the combinations of the three patterns and 576 configurations, we determine a most likely homologous pattern and allelic configuration. Under the optimal homologous pattern and configuration, we calculate the recombination fractions by using the following equation:
Further, we calculate the coincidence coefficient of crossovers [29] and genetic interference by
After these parameters are estimated, we formulate a series of hypotheses to test if each of these parameters is significant. These tests include those of whether each recombination fraction is different from 0.5, whether there does not exist genetic interference, i.e. I ¼ 0 or c ¼ 1, and whether there is no preferential pairing between more similar chromosomes during meiosis, i.e. p ¼ 0. To test these The estimates of the preferential pairing factor, recombination fractions and crossover coincidence are obtained from the optimal case in which AIC values are shown in boldfare. In the cases where AIC are not given, the recombination fractions are estimated as negative. For triplet 4, we obtain the smallest AIC (51) from C2 III , but it is not considered because its estimate of r 23 is beyond 0.5.
hypotheses, we need to calculate the log-likelihood ratio from the likelihoods under the null and alternative hypotheses and compare it against a critical value obtained from a chi-square distribution with one degree of freedom.
MULTIPLEX MODEL
Given the commonality of multiplex markers in polyploids, we need to consider the general model described above to consider this feature. can be identified in which it is not possible to estimate the preferential pairing factor p because it does not contribute to gamete frequencies (Supplementary Table  S4 ). In triplet 2, there are two possible homologous patterns I and II/III. For pattern I, there is only one allelic configuration, i.e. . In Supplementary Table S5 , diploid gamete probabilities are given for the above two configurations of triplet 2. Triplet 3 also has two possible homologous patterns I and II/III. For pattern I, there are four possible allelic configurations, one of which is tetraplotype . In Supplementary Table S6 , diploid gamete probabilities are given for the above two configurations of triplet 3. Triplets 4 and 5 each also have two possible homologous patterns, whose diploid gamete probabilities for representative tetraplotypes can be derived, given in Supplementary  Tables S7 and S8 .
For all triplets, we have formulated the EM algorithm [6, 10, 29] for estimating the linkage, genetic interference and preferential pairing factor. After these parameters are estimated, a log-likelihood ratio is calculated to test the significance of each of them. A procedure is developed to select an optimal homologous pattern and allelic configuration. For each triplet, an optimal homologous pattern and optimal allelic configuration can be determined by considering all possible combinations and choosing one that has the maximum likelihood value. If there are different numbers of unknown parameters, we need to implement a model selection criterion, such as commonly used Akaike information criterion (AIC) or Bayesian information criterion (BIC).
WORKED EXAMPLE Mapping population
To demonstrate the usefulness of the allotetraploid linkage model, we used it to reanalyze an tetraploid mapping data. Okada et al. [17] reported a linkage map for tetraploid Switchgrass (Panicum virgatum) with a full-sib family of 238 members derived from two heterozygous parents. The mapping population was genotyped for 1509 dominant markers (each with a dominant allele 1 and recessive allele 0), of which 606 are segregating for the female parent (K5), 667 for the male parent (A4) and 126 for both parents. The first two types of markers are pseudo-test backcross markers, whereas the third type is intercross markers. Assuming that the markers follow the Mendelian segregration rule, pseudo-test backcross markers are grouped into three categories based on segregation ratio tests: (i) single-dose amplicons (simplex), following a 1:1 presence to absence ratio in the family, regardless of preferential pairing; (ii) double-dose amplicons (duplex) following a 5:1 ratio, without preferential pairing; and (iii) duplex deviating from a 5:1 ratio because of the occurrence of preferential pairing. If there is no prferential pairing, intercross markers segregate following 3:1 (simplex) or 35:1 (duplex). In this article, we will only focus on linkage analysis of pseudo-test backcross markers.
Simplex markers
We randomly select three-ordered pseudo-test backcross simplex markers derived from parent A4, sww112_201, sww234_229 and sww438_185, as a triplex for three-point analysis. In the parent A4, the alleles of these three markers should be arranged in the four possible configurations as follows: 
We derived the gamete probabilities for each of these configurations by considering different homologous patterns (Supplementary Table S9 ). The first configuration B1 has one homologous pattern, under which the preferential pairing factor disappears. In this case, therefore, we can only estimate four g's and therefore three recombination fractions, in which case the coefficient of crossover coincidence can be estimated and tested.
The other three configurations B2-B4 each have two homologous patterns (I and II/III), but none provides adequate information to estimate three recombination fractions and the preferential pairing factor (p) simultaneously, although p is involved in the gamete probabilities. In this situation, we consider two typical cases:
(1) Letting the coefficient of coincidence of crossovers (c) ¼ 1, estimate p and the recombination fractions between the first and second markers (r 12 ), the second and third markers (r 23 ), and the first and third markers (r 13 Table S2. (2) Letting p equal any value from 0 to 2/3, estimate g 11 , g 10 , g 01 and g 00 .
It case (1), we show that it is not possible to simultaneously estimate p and three r's for any three simplex markers under any homologous pattern and allelic configuration because only three expressions are independent in these situations. If p is given a value, we can obtain estimates for four g's in case (2) . Therefore, for simplex markers, we will only consider case (2) because it covers case (1).
A general aprpoach for analyzing the linkage of simplex markers is to estimate g's and r's under four possible configurations B1-B4 by fixing p at a value from 0 to 2/3 based on a grid approach. We performed a simulation study showing that it is difficult to choose an optimal combination of homologous pattern and allelic configuration because the same likelihood may be from multiple combinations. In practice, an empirical approach for determining an optimal combination of homologous pattern and allelic configuration is based on the estimated r 13 . The smallest r 13 corresponds to the optimal combination. It should be pointed out that, because of inadequate information, no approach can precisely determine the optimal homologous pattern and allelic configuration for simplex markers.
Based on the above procedure, we estimated the linkage of three-ordered simplex markers sww112_201, sww234_229 and sww438_185 by assuming all possible combinations of allelic configurations and homologous patterns under a series of p values. We found that several combinations provide the same highest likelihood, which makes our choice of an optimal combination impossible. However, based on the smallest recombination fraction value of r 13 , we choose allelic configuration B4 and homologous pattern II/III for these three markers under the preferential pairing factor of p ¼ 0.4. The smallest estimate of r 13 between markers sww112_201 and sww438_185 is 0.100, and the recombination fractions are r 12 ¼ 0.346 between markers sww112_201 and sww234_229 and r 12 ¼ 0.328 between markers sww234_229 and sww438_185. The coefficient of crossover coincidence is estimated at 2.526.
Duplex markers
Three duplex markers 1100/1100/1100 as a triplex for three-point analysis may have five possible configurations: 
These configurations have two, three, two, three and two homologous patterns, respectively. In Supplementary Table S10, we showed the diploid gamete probabilities derived for each configuration and each homologous pattern and the implementation of the EM algorithm to estimate p and g 11 , g 10 , g 01 and g 00 from which the recombination fractions are estimated. Table 1 tabulates the parameter estimates of nine duplex triplets derived from the K5 female parent in each case of which the AIC values were calculated. All the estimates are from an optimal allelic configuration and homologous pattern. The nine triplets provide broadly consistent estimates of the preferential pairing factor p, which range from 0.40 to 0.60. This suggests that allotetraploid switchgrass undergoes strong preferential pairing behavior. Some variation exists in the estimate of p when a marker was included in different three-point analyses; for example, triplets 1 and 2 gave different estimates for p ¼ 0.56 and 0.36, although marker sww234_202 was used in both cases. This difference was detected because the behavior of preferential pairing may vary in different chromosomal segments [25] . In addition, genotype missing leads data structure to be different for the triplets containing the same marker. It is interesting to find that crossovers between adjacent regions of the chromosomes are subject to strong genetic interference, being significantly different from 1 (Table 1) .
Methodological comparisons
Traditional models for linkage analysis in allopolyploids are borrowed from a diploid backcross approach [7] , which did not incorporate the preferential pairing factor. To show the advantage of the new tetraploid model over the traditional diploid one, we used both models to estimate the linkage of five pairs of simplex markers by two-point analysis (Table 2 ). For the simplex markers, we cannot estimate the preferential pairing factor because it was canceled in the gamete frequencies. Despite this, the new model always provides a larger likelihood and smaller SD of the linkage estimation using the same data than the diploid model. The larger likelihood results from the smaller and more accurate estimates of the recombination fraction [6] . In some cases, such as marker pair nfsg045_224_d and nfsg294_148_d, nfsg045_224_d and sww530_ 381_d, this difference is striking, with a much smaller estimate of the recombination fraction from the tetraploid model. The recombination fraction of marker pair nfsg045_224_d and nfsg294_148_d was estimated as 0.207 and 0.082 by the diploid model and tetraploid model, respectively. The estimates are 0.191 versus 0.127 for marker pair nfsg045_224_d and sww530_381_d. It can be seen from the estaimted SDs that the accuracy of linkage estimates improves by the tetraploid model, but not at a cost of reduced precision. Okada et al. [17] used the diploid model to estimate all marker pairs and construct parent-specific linkage maps. Due to more accurate estimates of the recombination fractions, the quality of map construction using the same data can be improved by using the tetraploid model (Figures 1 and 2 ).
Linkage map construction
The construction of a genetic linkage map is based on pair-wise recombination fractions [3] . We detected that 547 and 479 pseudo-test simplex markers derived from the K5 and A4 parents, respectively, obey Mendelian segregation. Pair-wise recombination fractions estimated from the tetraploid model were used to construct parent-specific linkage maps [29] . Both the recombination fraction (r) and LOD score were used as the grouping criteria. Under the thresholds of r ¼ 0.14 and LOD ¼ 6.0, 535 markers from the K5 parent were grouped into 24 linkage groups, with 12 markers unlinked, and 460 markers from the A4 parent into 21 linkage groups, with 19 markers unlinked. Markers in each linkage group were ordered with the objective function of the sum of adjacent recombination fraction [30] . If the number of markers in a linkage group is 10, we applied an exhaustive method to search the optimal order of a linkage group; otherwise, a heuristic search method was resorted to avoid a huge number of possible markers orders. When the optimal order of a linkage group was determined, the map distance between any two adjacent markers was calculated by Haldane's map function. Based on the above procedures, two linkage maps each for a different parent were constructed. The linkage map of the female K5 parent was shown in Figure 1 , containing 24 linkage groups and 535 markers covering the genome length of 1942.13 cM with average map distance of 3.80 cM. Figure 2 presents the linkage map of the male A4 parent, on which 460 markers are distributed in 21 linkage groups spanning 1539.95 cM in the genome with average map distance of 3.51 cM. Our three-point analysis allows crossover interference, its magnitude and distribution, to be detected and identified on the linkage maps constructed.
COMPUTER SIMULATION
Statistical properties of the tetraploid model for linkage analysis were investigated through The linkage between the first and third marker (r 13 ) was determined by assuming different coefficients of coincidence of crossovers c ¼ 0, 1 and 2. The tetraploid model was used to estimate the linkage and preferential pairing factor with mean estimates calculated from 1000 simulation replicates. Table 3 summarizes the results of parameter estimation. The preferential pairing factor can be estimated with reasonable accuracy and precision. When there is no preferential pairing, the model provides an insignificant estimate of p, showing small false positive rates for the estimation of this parameter. If preferential pairing occurs, the model can detect it with good power. The recombination fractions can well be estimated for both cases of strong linkage and weak linkage (Table 3) . When genetic interference exists in marker intervals, the tetraploid model can still estimate the recombination fraction between the two markers at the two end-markers reasonably well. As expected, the estimation precision and power can increase when sample size increases (results not shown). In general, a sample size of 400 is adequate to estimate the linkage and preferential pairing factor accurately for allotetraploids.
We performed a simulation study to test how genotyping errors impact on the parameter estimation of the model. For fully informative markers, rates of genotyping errors below 5-10% would not strikingly affects the estimates of the recombination fractions, crossover interference and the preferential pairing factor for a sample size of 400, especially when the markers are highly linked (r 0.05) (Supplementary Table S11 ). However, this will lead to biased estimates for these two parameters for three duplex markers, unless a sample size increases to 1000. An additional simulation was conducted to examine the power of the tetraploid model to detect a homologous pattern correctly. Using the parameter values given above, we also simulated the data for triplet 
DISCUSSION
Given their critical role in agricultural production and angiosperm evolution, there is a pressing need to develop statistical models for linkage mapping in polyploids. Although several methods for polyploid mapping have been available [7] [8] [9] [10] [11] [12] [13] , more sophisticated models that can match the complexity of the meiotic behavior of this group of species are still scarce, thus limiting our understanding of their genome structure, organization and function. In this article, we describe and review a comprehensive statistical allotetraploid model for linkage analysis in a full-sib family of allotetraploids that undergoes preferential pairing at meiosis.
The model was equipped with three major functions. First, it can characterize the meiotic behavior of preferential pairing in a polyploid. The existence of preferential pairing and nonrandom assortment of chromosomes at meiosis I is an evolutionary feature for some polyploids [25, 27] . Thus, the direct estimation and test of the preferential pairing factor helps to quantify genetic divergence and chromosomal homology of polyploids. Second, the model allows the genetic interference of crossovers in polyploids to be estimated. Interference has been thought to operate in most-but not all-eukaryotes studied, resulting in widely spaced crossovers along chromosomes. Many studies suggest that meiotic recombination events increasingly occur in response to environmental stress [18] [19] [20] [21] when chromosomes are duplicated [22] [23] [24] . However, not much information has been obtained about whether there is a similar correlation of ploidy level with crossover interference. Our model provides a tool to test this hypothesis.
Third, the model can analyze the meiotic linkage of chromosomes using any type of partially informative markers which are popular in polyploid genetic mapping. These markers have no one-to-one correspondence between marker genotype and phenotype, making it difficult to estimate the linkage and preferential pairing. In the previous work, the EM algorithm has proven to be powerful for estimating the linkage between partially informative markers [4] [5] [6] . This algorithm has been implemented to handle the estimation issue of multiple parameters organized in a complex structure. The convergence of the EM algorithm for less informative markers can be improved by incorporating some optimality techniques, like the simple algorithm, to choose better initial values. The estimation of linkage between partially informative markers can be obtained more precisely by three-than two-point analysis [6] .
The allotetraploid model that incorporates the preferential pairing factor of allotetraploids performs better than traditional models derived from a simple backcross design [7] . This advantage was manifested in linkage analysis of allotetraploid switchgrass, in which the model provides a better estimate of the linkage and better power for linkage detection than the diploid model. The switchgrass full-sib family for linkage mapping was derived from a cross between two heterozygous genotypes sampled from lowland tetraploid cultivars Kanlow (K5) female and Alamo (A4) male, respectively. By three-point analysis with duplex markers derived from the K5 female, we detected strong evidence (p ¼ 0.4-0.6) of preferential pairing of chromosomes at meiosis in this parent. In practice, to better estimate the linkage and preferential pairing factor, tremendous efforts should be made to minimize genotyping error rates because a small rate of errors may cause very biased parameter estimates. We recommend that error rates should be measured for a genotyping study to attest the reliability of allotetraploid linkage analysis [31] .
SUPPLEMENTARY DATA
Supplementary data are available online at http:// bib.oxfordjournals.org/.
Key Points
Polyploids are broadly classified into two categories, allopolyploids and autopolyploids, based on their genetic origins. Allopolyploids arise from hybridization of two different species, whereas autopolyploids arise when the number of chromosomes in a single species is doubled. As a tool for genome research, linkage analysis for these two types of polyploids should take into account their unique cytological properties of meiosis so that the recombination fractions of molecular markers can be precisely estimated for map construction and trait mapping. We describe and assess an algorithmic framework for linkage analysis in allopolyploids. The framework integrates the preferential pairing factor, a parameter defined to describe chromosomal pairing in allopolyploids, into a multilocus linkage analysis model, allowing the simultaneous estimation of the linkage, genetic interference and chromosome pairing behavior.
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